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And maybe persistence?

Filtrations and Induced Map



Quick review
• We want to compute the “shape”: we turn “shape” into linear algebra; homology is the 

machinery 

• -simplex: basis vector 

• -chains: vectors 

• Boundary map: matrix 

• Cycles: kernel of a matrix 

• Boundaries: image of a matrix 

• Homology: cycles modulo trivial cycles

p

p



Homology!!
The th homology group is the quotient space p

Hp(K) := Zp(K)/Bp(K)



Betti Numbers

• : number of connected components 

• : number of independent loop classes 

• : number of independent 2-dimensional homology classes

β0

β1

β2

<latexit sha1_base64="SnBH2vHeGo5p+H0neVCBQ9zExRM=">AAACEnicbZDLSsNAFIYn9VbrLerSzWARdGFJRKobodRNlxXsBZsQJpNJO2RyYWYilNBncOOruHGhiFtX7nwbJ21Abf1h4OM/53Dm/G7CqJCG8aWVlpZXVtfK65WNza3tHX13ryvilGPSwTGLed9FgjAakY6kkpF+wgkKXUZ6bnCd13v3hAsaR7dynBA7RMOI+hQjqSxHP7FcIpETwCtoeTSErR+8U3g6w6YTVBy9atSMqeAimAVUQaG2o39aXozTkEQSMyTEwDQSaWeIS4oZmVSsVJAE4QANyUBhhEIi7Gx60gQeKceDfszViyScur8nMhQKMQ5d1RkiORLztdz8rzZIpX9pZzRKUkkiPFvkpwzKGOb5QI9ygiUbK0CYU/VXiEeIIyxVinkI5vzJi9A9q5n1Wv3mvNpoFnGUwQE4BMfABBegAVqgDToAgwfwBF7Aq/aoPWtv2vustaQVM/vgj7SPb5W4muc=</latexit>

ωk = dimHk = dimZk → dimBk

β0 β1 β2



Simplicial Complex Filtration
A filtration  of a simplicial complex  is a nested sequence of its 
subcomplexes 



Example 2



Monotone Function
A function  is called monotone if for every , .  

A simplex-wise filtration means that exactly one simplex is added at each step. 

Fix values . Let . The sublevelset filtration 
induced by this function is defined to be

f : K → ℝ τ ≤ σ f(τ) ≤ f(σ)

a0 ≤ a1 ≤ ⋯ ≤ an Ki = f −1(−∞, ai}

<latexit sha1_base64="CWrwgk9k5d4azVmNYiEID1kA1Bk=">AAACOXicbVBLSwMxEM7WV62vqkcvwSJ4KrtFqhdBEETwUsFWobss2XRag9nsmswKpQj+Ki/+C2+CFw+KePUPmG17sNWBwPeYSTJflEph0HVfnMLM7Nz8QnGxtLS8srpWXt9omSTTHJo8kYm+ipgBKRQ0UaCEq1QDiyMJl9HNce5f3oE2IlEX2E8hiFlPia7gDK0Ulhs+xCn2DSA9pGehS32TRZbBrWXeBKv9Yj7vJGgmbJVfUC2F5YpbdYdF/wJvDCpkXI2w/Ox3Ep7FoJBLZkzbc1MMBkyj4BLuS35mIGX8hvWgbaFiMZhgMNz8nu5YpUO7ibZHIR2qvycGLDamH0e2M2Z4baa9XPzPa2fYPQgGQqUZguKjh7qZpJjQPEbaERo4yr4FjGth/0r5NdOMow07D8GbXvkvaNWqXr1aP9+rHJ08jOIoki2yTXaJR/bJETklDdIknDySV/JOPpwn5835dL5GrQVnHOEmmSjn+weIQavw</latexit>

→ = K0 ↑ K1 ↑ K2 ↑ · · · ↑ Kn = K.



Example: Function inducing filtration



Try it: function inducing filtration



Rips complex filtration

Everything comes from a function



What to do with a filtration?



Betti Curves
The -th Betti curve is a functionp

<latexit sha1_base64="71yRHgxVbezlXtFfTpdl/AZtLlc="></latexit>

ωp(F) : R →↑ Z
ai ↓→↑ ωp(Ki) = rk(Hp(Ki)).



Write the th and st Betti curves for this filtration:0 1
Example



Try it
Write the th and st Betti curves for this filtration:0 1



Induced Maps



Simplicial Maps
A simplicial map between abstract simplicial complexes  is induced by a 
map on the vertices . 

f : K → L
f : V(K) → V(L)



Big Diagram of Vector Spaces
<latexit sha1_base64="R+6rTX39sm2OVGrPQhIco9h6dPU="></latexit>

· · · →↑ C2(K)
ωK
2→→↑ C1(K)

ωK
1→→↑ C0(K)

ωK
0→→↑ 0

· · · →↑ C2(L)
ωL
2→→↑ C1(L)

ωL
1→→↑ C0(L)

ωL
0→→↑ 0



Induced Map

<latexit sha1_base64="EwZXAoRjj82g4Th/J8ZXmGv0wKE="></latexit>

f→ : Hp(K) →↑ Hp(L)

[ω] ↓→↑ [f#(ω)]

Given a simplicial map , the induced map on homology is defined byf : K → L



Commutative Diagram
A diagram commutes if any path of functions is equal.

<latexit sha1_base64="skbDK4ljYXcpiI46x5VGeX3W9eY="></latexit>

· · · →↑ C2(K)
ωK
2→↑ C1(K)

ωK
1→↑ C0(K)

ωK
0→↑ 0

"f#

"f#

"f#

· · · →↑ C2(L)
ωL
2→↑ C1(L)

ωL
1→↑ C0(L)

ωL
0→↑ 0

Claim: 



Effect on Cycles
Cycles go to cycles!

<latexit sha1_base64="skbDK4ljYXcpiI46x5VGeX3W9eY="></latexit>

· · · →↑ C2(K)
ωK
2→↑ C1(K)

ωK
1→↑ C0(K)

ωK
0→↑ 0

"f#

"f#

"f#

· · · →↑ C2(L)
ωL
2→↑ C1(L)

ωL
1→↑ C0(L)

ωL
0→↑ 0



Effect on Boundaries
Boundaries go to boundaries!

<latexit sha1_base64="skbDK4ljYXcpiI46x5VGeX3W9eY="></latexit>

· · · →↑ C2(K)
ωK
2→↑ C1(K)

ωK
1→↑ C0(K)

ωK
0→↑ 0

"f#

"f#

"f#

· · · →↑ C2(L)
ωL
2→↑ C1(L)

ωL
1→↑ C0(L)

ωL
0→↑ 0



Diagram Chasing



Try it



Spare paper
<latexit sha1_base64="skbDK4ljYXcpiI46x5VGeX3W9eY="></latexit>

· · · →↑ C2(K)
ωK
2→↑ C1(K)

ωK
1→↑ C0(K)

ωK
0→↑ 0

"f#

"f#

"f#

· · · →↑ C2(L)
ωL
2→↑ C1(L)

ωL
1→↑ C0(L)

ωL
0→↑ 0



Persistence Module
Given a filtration, the -dimensional persistence module is 

with maps                                              induced by inclusion

p
<latexit sha1_base64="SwLO8YttkpVtTMHWYSQVCvjRM6g="></latexit>

Hp(F) : 0 = Hp(K0) → Hp(K1) → Hp(K2) → · · · → Hp(Kn) = Hp(K)
<latexit sha1_base64="/n+UGD0iLjba1qn5KjOpZOZdjac=">AAACC3icbVBLSwMxGMz6rPW16tFLaBFakLIrUsVTQZCClwr2Ae26ZNNsmzabXZKsUJaCRy/+FS8eFPHqH/DmvzFt96CtA4HJzPeRzHgRo1JZ1rextLyyurae2chubm3v7Jp7+w0ZxgKTOg5ZKFoekoRRTuqKKkZakSAo8BhpesPLid+8J0LSkN+qUUScAPU49SlGSkuumeu70V1CjwdjeAGrblS4dmkRdlSYXgbFrGvmrZI1BVwkdkryIEXNNb863RDHAeEKMyRl27Yi5SRIKIoZGWc7sSQRwkPUI21NOQqIdJJpljE80koX+qHQhys4VX9vJCiQchR4ejJAqi/nvYn4n9eOlX/uJJRHsSIczx7yYwZ11EkxsEsFwYqNNEFYUP1XiPtIIKx0fZMS7PnIi6RxUrLLpfLNab5y9TCrIwMOQQ4UgA3OQAVUQQ3UAQaP4Bm8gjfjyXgx3o2P2eiSkVZ4AP7A+PwBSI6ZFA==</latexit>

h
i,j
p : Hp(Ki) → Hp(Kj)



What’s going on algebraically?

<latexit sha1_base64="AfkX5Ca9ZCzwrGhfpYiEgK5/QWs=">AAACoHicdVFbS8MwGE3rbc5b1UcRgkNwL6P1Mvc4GMhAxQ2cDrdS0izdgmlSklQZRfBf+T9889+YXR68rAcCh3O+Q5LzhQmjSrvul2UvLa+srhXWixubW9s7zu7egxKpxKSDBROyGyJFGOWko6lmpJtIguKQkcfwuTHxH1+IVFTwez1OiB+jIacRxUgbKXA+moF7ch14Zdhngg8lHY40klK8wplxmmeclYuLjfO8xEVeopqXuM xL1MqBU3Ir7hTwP/HmpATmaAXOZ38gcBoTrjFDSvU8N9F+hqSmmJG3Yj9VJEH4GQ1Jz1COYqL8bFrwGzw2ygBGQprDNZyqPxMZipUax6GZjJEeqb/eRFzk9VId1fyM8iTVhOPZRVHKoBZwsi04oJJgzcaGICypeSvEIyQR1manRVOC9/fL/8nDacWrVqrt81L96n1WRwEcgCNwAjxwCeqgCVqgA7B1aDWsG+vWPrKb9p3dno3a1rzCffAL9tM3dA7Jbg==</latexit>

H0(K1) →↑ H0(K2) →↑ H0(K3) →↑ H0(K4) →↑ H0(K5) →↑ H0(K6) →↑ H0(K7) →↑ H0(K8)



Another Example

<latexit sha1_base64="afBTvZ27Liz2z+9DHSeL+yw63Oc="></latexit>

H1(K0)
f→→↑ H1(K1)

g→→↑ H1(K2)
h→→↑ H1(K2)



Try it: Where do the generators go?

<latexit sha1_base64="bXwoXcdiYen1JkU48vaayVkzDtA=">AAACbnicdVFLSwMxGMyur1pfrYIHRQwWob2U3Vqrx4IgBS8V7APasmTTdBuaTZYkq5RS8OIf9OZv8OJPMH0ctI+BwDDzDV8y8SNGlXacL8ve2Nza3knsJvf2Dw6PUunjuhKxxKSGBROy6SNFGOWkpqlmpBlJgkKfkYY/eJj4jVciFRX8RQ8j0glRwGmPYqSN5KU+Kp6TffLcHGwzwQNJg75GUoo3ODMK64ybXHK1UVyXuF2XKOW8VMbJO1PAZeLOSQbMUfVSn+2uwHFIuMYMKdVynUh3RkhqihkZJ9uxIhHCAxSQlqEchUR1RtO6xvDaKF3YE9IcruFU/ZsYoVCpYeibyRDpvlr0JuIqrxXr3n1nRHkUa8LxbFEvZlALOOkedqkkWLOhIQhLau4KcR9JhLX5oaQpwV188jKpF/JuKV96LmbKj++zOhLgHFyBLHDBHSiDCqiCGsDg20pbZ9a59WOf2hf25WzUtuYVnoB/sLO/14G4UQ==</latexit>

H0(K1) →↑ H0(K2) →↑ H0(K3) →↑ H0(K4) →↑ H0(K5) →↑ H0(K6)



Next time: Persistent Homology!


