Here Comes the Homology

Wil we get there? — Yeg!

Dr. Elena Xinyi Wang, October 7, 2026



Cha; -
p-Chains -

Let K be a simplicial complex and fix a dimension p.

A p-chain is a finite formal sum of p-simplices in K, written a = 2 a.0;
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Chain Group

The collection of p-chains with addition is called the pth-chain group (vector space),

C,(K).
Closure: c+d e C,(K)

Associative: (c+d)+e=c+ (d+ e)

Commutative: c+d=d+ c
Zero element: ¢c+0=04+c=c

Inverses: ¢+ (—c) =0



Boundary Maps .
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CYC:_@S Cpi1(K) 5 Cp(K) 2 Cpy (K)
A chaininthe kernel of d,, is called a p-cycle.  Z,(K) = ker(9,) = {c € Cp(K) | Opc = 0}
L 9\
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The collection of p-cycles forms a subspace Z,(K) € C(K)
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9 3,

Boundaries Cpi1(K) 225 Oy (K) 25 €,y

A chainin the image of 0, is called a p-boundary

32
B e
ADC /ARt RC
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The collection of p-boundaries forms a subspace B (K) € C,(K)
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le: Cyc.

es anad Boundaries

What are the generators of B{(K)? Of Z;(K)?

C, = Ct/ 26
obC. 1 x.@abtbLroc °
o @ ﬁol*a‘a’fdbg

\’\[: dd,g,w%ﬂ_ | 7



Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User


Example: Cycles and Bounadaries

d
What are the generators of B{(K)? OKZ(K)
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Homology tor Real Now



Equivalence Classes o we_§ 3

An equivalence relation ~ on a set S satisfies:

O _ [7__ = 'IZ
» Reflexivity: x ~ x 0= 3p = “2N eun =
« Symmetry:if x ~ y, theny ~ x [~ (V) = 2N &7

« Transitivity: itx ~ yandy ~ z, thenx ~ 7

The equivalence class of x consists of all elements equivalent to x:

[(x] = \yES|y~x} ot -l
'\AM @»{,GAMS/ M{’\)M‘\' AN - / O/;LS) =
x.On Z,definem ~ nwhenm —niseven. [ol (V]
' ?
Z(2)
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Quotient space
e

Let V be a vector space over a field k. Let W C V be a subspace.

Define~on Vbyx ~yiff x —y € W. The equivalence class of x is denoted

,

x|=x+W={x+w:we W}

The quotient space V/Wis then defined as {[x] | x & V}. This is also a vecor U&lﬁ'
:_;\,00d ' ’P

space with: 0\('7{\ N U M@_ Ja,gse,s M
-Scalar multiplication: V”‘Z n  A-cois. 1) =spe§ (1 0)5
.Additi/on: (x‘/71>,\,c7(1 YD £ Ry )= X2Y2) & N
) ) eed Y. Y20

SV
//L"J(\/’)f\‘ \//v\)af[x} -
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The pth homology group is the quotient space R |
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Example: What is H 1 (K )7

Cz ")

2, (ABC) = K.

B ) = XY
S, (x) =0

Z,(<) = <7
e R (k)= 2K <

@w H (o) = 20 /Bicl
D

AL AB+03>L+AL.

= O.
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Example: What is H,(K)"




Betti Numbers

B, = dim H}, = dim Z;, — dim By,

4
- Po: number of connected components

24

. 1: number of independent loop classes

- J»: number of independent 2-dimensional homology C‘OSS@S&/

Po P P

<] ¢ | 2 o
A | ( 0

% | 2 0
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Take away

- We want to compute the “shape”: we turn “shape” into linear algebra; homology is the
machinery

. p-simplex: basis vector

» p-chains: vectors

- Boundary map: matrix

« Cycles: kernel of a matrix

- Boundaries: image of a matrix

- Homology: cycles modulo trivial cycles



omework Presentation

. Let K be the simplicial complex of a hollow tetrahedron (no interior). Write a basis for C;

compute B,, Z,, and H,. Now add back the interior; compute H, (we know B, and Z, from

last week) ) 5\'\ uy\

. Consider a complex K = {A,B,C,D,E,AB,BC,AC,CD,AD,CE,DE,ABC,ACD}.
Compute H, (we know B, and Z, from last week). Let 6 = CD + DE + CE, write out the
elements of the equivalence class [o]. Now add the 2-simplex CDE fo form K’, without
recomputation, determine H;(K")

i

-
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