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Will we get there? — Yes!

Here Comes the Homology



-Chainsp
Let  be a simplicial complex and fix a dimension . 

A -chain is a finite formal sum of -simplices in , written 

K p

p p K α = ∑
i

aiσi



Chain Group
The collection of -chains with addition is called the th-chain group (vector space), 

.
p p

Cp(K)
<latexit sha1_base64="Z1Cyt/ZuGp+47kmjnGo0M2pKbS8="></latexit>

Closure: c+ d → Cp(K)

Associative: (c+ d) + e = c+ (d+ e)

Commutative: c+ d = d+ c

Zero element: c+ 0 = 0 + c = c

Inverses: c+ (↑c) = 0



Boundary Maps
<latexit sha1_base64="NwgSBgBKgChkAC+hc/ENJxq5fUs="></latexit>

ωp : Cp(K) →↑ Cp→1(K)

ε = [v0, . . . , vp] ↓→↑
p∑

j=0

[v0, . . . , v̂j , . . . , vp]



Cycles
A chain in the kernel of  is called a -cycle.∂p p

The collection of -cycles forms a subspace p Zp(K) ⊆ Cp(K)

<latexit sha1_base64="O4s1Z3xDQyuye0NEiBlD1Kv6dDM="></latexit>

Cp+1(K)
ωp+1→→→↑ Cp(K)

ωp→↑ Cp→1(K)

<latexit sha1_base64="YKgOHyIDiHhdo7nNbRt2vN/1k9o="></latexit>

Zp(K) = ker(ωp) = {c → Cp(K) | ωpc = 0}



Boundaries
A chain in the image of  is called a -boundary∂p+1 p

The collection of -boundaries forms a subspace p Bp(K) ⊆ Cp(K)

<latexit sha1_base64="O4s1Z3xDQyuye0NEiBlD1Kv6dDM="></latexit>

Cp+1(K)
ωp+1→→→↑ Cp(K)

ωp→↑ Cp→1(K)

<latexit sha1_base64="f2ZgJTf/5gxs4aft0j+o5CTAFwM="></latexit>

Bp(K) = im(ωp+1) = {ωp+1c | c → Cp+1(K)}



Example: Cycles and Boundaries

What are the generators of ? Of ?B1(K) Z1(K)



Example: Cycles and Boundaries

What are the generators of ? Of ?B1(K) Z1(K)



Homology for Real Now



Equivalence Classes
An equivalence relation  on a set  satisfies: 

•  Reflexivity:  

•  Symmetry: if , then  

• Transitivity: if  and , then  

The equivalence class of  consists of all elements equivalent to : 

∼ S

x ∼ x

x ∼ y y ∼ x

x ∼ y y ∼ z x ∼ z

x x
[x] = {y ∈ S ∣ y ∼ x}
Ex. On , define  when  is even. ℤ m ∼ n m − n



Quotient Space
Let  be a vector space over a field . Let  be a subspace.  

Define  on  by  iff . The equivalence class of  is denoted 

 

The quotient space  is then defined as . This is also a vecor 
space with: 

•Scalar multiplication: 

•Addition:

V k W ⊂ V

∼ V x ∼ y x − y ∈ W x

[x] = x + W = {x + w : w ∈ W}

V/W {[x] ∣ x ∈ V}



Homology!!
The th homology group is the quotient space p

Hp(K) := Zp(K)/Bp(K)



Example: What is ?H1(K)



Example: What is ?H1(K)



Example: What is ?H1(K)



Example: What is ?H2(K)



Betti Numbers

• : number of connected components 

• : number of independent loop classes 

• : number of independent 2-dimensional homology classes

β0

β1

β2

<latexit sha1_base64="SnBH2vHeGo5p+H0neVCBQ9zExRM=">AAACEnicbZDLSsNAFIYn9VbrLerSzWARdGFJRKobodRNlxXsBZsQJpNJO2RyYWYilNBncOOruHGhiFtX7nwbJ21Abf1h4OM/53Dm/G7CqJCG8aWVlpZXVtfK65WNza3tHX13ryvilGPSwTGLed9FgjAakY6kkpF+wgkKXUZ6bnCd13v3hAsaR7dynBA7RMOI+hQjqSxHP7FcIpETwCtoeTSErR+8U3g6w6YTVBy9atSMqeAimAVUQaG2o39aXozTkEQSMyTEwDQSaWeIS4oZmVSsVJAE4QANyUBhhEIi7Gx60gQeKceDfszViyScur8nMhQKMQ5d1RkiORLztdz8rzZIpX9pZzRKUkkiPFvkpwzKGOb5QI9ygiUbK0CYU/VXiEeIIyxVinkI5vzJi9A9q5n1Wv3mvNpoFnGUwQE4BMfABBegAVqgDToAgwfwBF7Aq/aoPWtv2vustaQVM/vgj7SPb5W4muc=</latexit>

ωk = dimHk = dimZk → dimBk

β0 β1 β2



Take away
• We want to compute the “shape”: we turn “shape” into linear algebra; homology is the 

machinery 

• -simplex: basis vector 

• -chains: vectors 

• Boundary map: matrix 

• Cycles: kernel of a matrix 

• Boundaries: image of a matrix 

• Homology: cycles modulo trivial cycles

p

p



• Let  be the simplicial complex of a tetrahedron. Write a basis for the chain groups  and 

; the boundary groups  and ; and the cycle groups  and . Write the boundary 

matrix representing the boundary operator  , with rows and columns representing bases of 

 and  , respectively. 

• Consider a complex . 
Write a basis for the chain groups  and ; the boundary groups  and ; and the cycle 

groups  and ; and write the matrix . Finally, identify a 1-cycle that is not a 1-boundary.

K C1
C2 B1 B2 Z1 Z2

∂2
C1 C2

K = {A, B, C, D, E, AB, BC, AC, CD, AD, CE, DE, ABC, ACD}
C1 C2 B1 B2

Z1 Z2 ∂2

Homework from last time


